Some results on a special type of real quadratic fields
Introduction
Some relations among i-th approachment of quadratic irrationals were proved by ElezoviA'c in [1] . Jeongho obtained lower bound for regulator of real quadratic fields by considering quadratic integers with fixed norm in [2] . In [3] , Benamar et al. described polynomials and also gave lower bound of the number of some types of polynomials. Badziahin and Shallit confirmed the conjecture of Hanna and Wilson by considering specific type of continued fraction of real numbers and got some results on transcendental numbers in [4] . Zhang and Yue [5] described some congruences relations between the coffecients of fundamental unit of real quadratic fields and odd class number. Also, Tomita [6] gave some results on fundamental unit by use of the continued fraction expansion of integral basis element where period length is equal to 3. Clemens and his co-authors [7] explored some relationship between continued fraction expansion and infinite series representation for real numbers. Louboutin [8] obtained significant results on principal or non principal real quadratic fields as well as significant conditions for principality of continued fraction expansion. Tomita and Kawamoto [9] showed a relation between real quadratic fields of class number one and minimal type of the simple continued fraction expansion of certain quadratic irrationals. Both Sasaki [10] and Mollin [11] achieved many useful results on lower bound of fundamental unit for real quadratic number fields. Williams and Buck [12] [16] [17] [18] [19] . Readers unfamiliar fundamental unit and continued fraction expansions are referred to books [11, [20] [21] [22] [23] .
Throughout this paper, I(d) is the set of all quadratic irrational numbers in Q( √ d) , we say that α in I(d) is reduced if α > 1 and −1 < α < 1 where α is the conjugate of α and denoted by R(d) is the set includes of all reduced quadratic irrational numbers in I(d). Then, it is well known that any number α in R(d) is purely periodic in the continued fraction expansion and the denominator of its modular automorphism is equal to
] represents the floor of x for any number x.
In this paper, we deal with the problem for demonstrating the continued fraction expansions which have got partial constant elements equal each others and written as 7s (except the last digit of the period) according to period length for d square-free integer (for d ≡ 1(mod4) or d ≡ 2, 3(mod4)). 
That's why we assume that different from 0(mod3).
Proof. We assume that ≡ 1(mod6) positive odd integer, > 1 and t ≡ 1(mod2) positive integer. So, we can get d ≡ 2(mod4) by substituting the equivalents into the parametrization of d. We can easily obtain the other cases in a similar way. By using Lemma 2.3 , we put
so we get
By induction, we get
If we rearrange and use the Definition 2.1 into the above equality, we have
If we consider Lemma 2.3, we get
This shows that the first part of proof is completed. Now, we should determine d , t d and u d using Lemma 2.3, we get
So, this implies that Q i = τ i by using mathematical induction for every i ≥ 0. If we substitute these values of sequence into the d =
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Proof. This corollary is gotten if we substitute t = 0 in Theorem 3.1. Now, we have to prove that
If we put t d and u d into the m d and rearrange, then we obtain
By using the above equality, we have m d = 1 for = 2. From the assumption since τ is increasing we get, 
for ≥ 7 since τ is increasing sequence.By using the above equality, we have m d = 1 for ≥ 7. Also, Table 2 is given as an illustration of this corollary. Proof. It is gotten if we substitute t = 2 in Theorem 3.
We know from H. Yokoi's references [16] [17] [18] [19] 
we get
since τ is increasing and 1 < 2τ 2 < 1, 510 for ≥ 2. Therefore, we obtain n d = 1 for ≥ 2. As illustration, we give Table 3 . 
( 
Серия Математика . № 1(93)/2019 53 Р е п о з и т о р и й К а р Г У Remark 3.7. For the case (ii) in Theorem 3.6, it is clear that τ is odd number if is not divided by 3. For the case (ii), assume that is not divided by 3. Then we get d is not integer if we put t positive odd integer into the parametrization of d. Besides, if we consider t is positive even integer, then the parametrization of d will be the case (i). So, we approve that ≡ 0(mod3) and t is positive odd integer in the case (ii).
Proof.
(1) It is clear that d ≡ 1(mod4) holds since (2tτ + 7) 2 is odd integer for any t > 0 and > 1 positive integers. We prove the theorem in a similar to Theorem 3.1. From Lemma 2.2, we know that
Considering above equations, we have
Rearranging and using Lemma 2.2 with Definition 2.1 into the above equality, we obtain We obtained that Q i =τ i by using mathematical induction for all i ≥ 0 in Theorem 3.1. Now, we get t d and u d using Lemma 2.2 as follows t d = 2tτ 2 + 7τ + 2τ −1 and u d = τ
. This shows that the first part of proof is completed. 
